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Abstract 

We study the level statistics of one-dimensional Schrodinger oper- 
ator with random potential decaying like rc~" at infinity. We consider 
the point process consisting of the rescaled eigenvalues and show 
that : (i)(ac spectrum case) for a > ^, converges to a clock process, 
and the fluctuation of the eigenvalue spacing converges to Gaussian, 
(ii) (critical case) for a = ^, converges to the limit of the circular 
;9-ensemble. 
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1 Introduction 
1.1 Background 

In this paper, we study the following Schrodinger operator 
H := + a{t)F{Xt) on ^^(R) 
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where a G C°° is real valued, a{—t) = a(t), non- increasing for t > 0, and 
satisfies 

Cit"" < a{t) < Cat"" 

for some positive constants Ci,C2 and a > 0. F is a real-valued, smooth, 
and non-constant function on a compact Riemannian manifold M such that 

(F) := / F{x)dx = 0. 
Jm 

{Xt} is a Brownian motion on M. Since the potential a{t)F{Xt) is 
— ^-compact, we have aess{H) = [0,oo). Kotani-Ushiroya[3j proved that 
the spectrum of in [0, oo) is 

(1) for a < i : pure point with exponentially decaying eigenfunctions, 

(2) for a = i : pure point on [0, and purely singular continuous on 
[Ec, oo) with some explicitly computable Ec, 

(3) for a > i : purely absolutely continuous. 

In this paper we study the level statistics of this operator. For that 
purpose, let Hi := -ff|[o,L] be the local Hamiltonian with Dirichlet boundary 
condition and let {En{L)}'^^-^ be its eigenvalues in the increasing order. Let 
n{L) e N be s.t. {En{L)}n>n{L) coincides with the set of positive eigenvalues 
of Hl- We arbitrary take the reference energy Eq > and consider the 
following point process 



n>n(L) 

in order to study the local fluctuation of eigenvalues near Eq. Our aim is to 
identify the limit of as L — )■ oo. Here we consider the scaling of ^/EJJ])'s 
instead of i?„(L)'s. This corresponds to the unfolding with respect to the 
density of states. 

This problem was first studied by Molchanov[6]. He proved that, when 
q; = 0, converges to the Poisson process. It was extended to the mul- 
tidimensional Anderson model by [7]. Kilhp-Stoiciu [2] studied the CMV 
matrices whose matrix elements decay like n~". They showed that, con- 
verges to (i) a > I : the clock process, (ii) a = \ : the limit of the circular 
/9-ensemble, (iii) < a < | : the Poisson process. Krichevski-Valko-Virag[5] 
studied the one- dimensional discrete Schrodinger operator with the random 
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potential decaying like n~^/^, and proved that converges to the Sine^?- 
process. 

The aim of our work is to do the analogue of that by Killip-Stoiciu[2] for 
the one-dimensional Schrodinger operator in the continuum. 

In subsection 1.2 (resp. subsection 1.3), we state our results for ac-case : 
Oi > \ (resp. critical-case : a = \). We have not obtained results for pp-case 
: a<\. 

1.2 AC-case 

Definition 1.1 Let fi be a probability measure on [0,7r). We say that ^ is 
the clock process with spacing tt with respect to fi if and only if 

E[e-«(^)] = / dfi{<p) exp ( - V fiuTT - 

where f G Cc(R) and ^(/) := J^fd^. 
We set 

(x)^z ■■= X- [x]^z, NttZ := raax{y G ttZ | y < x}. 
We study the limit of C,l under the following assumption 



(A) 

(1) a > |, 

(2) A sequence {Lj}'jL^ satisfies limj^oo Lj = oo and 

{y^oLj)^Z = + o{l), j^oo 
for some (3 G [0, vr). 



The condition A(2) ensures that converges to a point process. If a = 
for instance, A (2) is indeed necessary. 

Theorem 1.1 Assume (A). Then ^l. converges in distribution to the clock 
process with spacing n with respect to a probability measure ^ip on [0,7r). 
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Remark 1.1 Let Xt be the solution to the eigenvalue equation : H^Xt = n'^Xt 
(k > 0). If we set 



Xt \ ^ f n sin 9t 
x'Jk ) I rtCos6t 



, 9t{K) = Kt + 9t{K), 



then 9t{K) has a limit as t goes to infinityJ^S : limt_>oo = ^oo('«); a.s. 
; fip is the distribution of the random variable (/3 + 9oo{^/E^))^rz■ In some 
special cases, we can show that {9oo{^/Eq))t^z is not uniformly distributed for 
large Eq, implying that really depends on (5. 

Remark 1.2 We can consider point processes with respect to two reference 
energies Eq,E'q{Eq ^ E'q) simultaneously : suppose a sequence {Lj}^^^ sat- 
isfies 

{^oL,)^z = P + o{l), (/^Lj)^z = /3' + o(l), J^oo 
for some /3,(3' G [0,7r). We set 

n>n(L) n>n{L) 

Then the joint distribution of ^l^j^'lj converges, for f,g& Cc(R), 
limE[exp(-a,(/)-eL,(^7))] 



j-s>oo 



= / dfx{^,^')exp i -y^ifinn - (j)) + g{n7r - (j)')) 
•^0 V nez 

where fi{(f),(j)') is the joint distribution of {(3 + 9ao{^/EQ))^TZ and (/?' + 
9oo{\/^o))nZ- We are unable to identify but it may be possible that 

(f) and (f)' are correlated. 

Remark 1.3 Suppose we rearrange eigenvalues near the reference energy Eq 
so that 

■■■< E'_2{L) < E'_^{L) <Eo< E',{L) < E[{L) < E',{L) <■■■. 

Then an argument similar to the proof of Theorem 2.4 in ^ proves the 
following fact : for any n ^ Z we have 



lim L{\ E'^^,{L) - VE'aiL)) = ^, a.s. (1.1) 



which is called the strong clock behavior JTJ. We note that the integrated 
density of states is equal to ^/E/tt. 

We next study the finer structure of tlie eigenvalue spacing, under tlie 
following assumption. 

(B) 

(1) i < a < 1, 

(2) A sequence {Lj}'jL^ satisfies limj^ooLj = oo and 

^/EoLj = rujiT + /3 + ej, j — )■ oo 

for some {mj}^^(c N), (5 G [0, vr) and {tj}f^i with hm^^oo = 0. 

(3) a{t) = t-"(l + o(l)), t oo. 

Roughly speaking, Em^^Lj) is the eigenvalue closest to Eq. In view of 
f frm . we set 



Em^+n+liLj) - J Em^+n{.Lj) )L.j-Ti\L- ^ n G Z. 



Theorem 1.2 Assume (B). Then {Xj{n)}n&z converges in distribution to 
the Gaussian system with covariance 

C{n,n') = '^^^Re f s-2"e2*("-"')-^2(l - cos27rs)rfs, n, n' G Z, 
8-c/o Jo 
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where C{E) := Jj^j V{L + 2iy E)^^F dx and L is the generator of {Xt). 
Remark 1.4 Lemma 2.1 in and Lemma 4-1 in section 4 imply that 



En 



where Yj = 0{L- ^ ) + 0{ejL- ), a.s. for any e > 0. Furthermore by the 
definition of {Xj{n)} we have 



'^^+I7 + ^Er=o^.(0 (n>l) 



Em, (L,) + f - ^ Erin (n < -I) 



and Theorem thus describes the behavior of eigenvalues near E^.{^Lj) in 
the second order. 

Remark 1.5 Suppose we consider two reference energies Eq,Eq{Eq ^ E'q) 
simultaneously and suppose a sequence {Lj}'^^ satisfies limj^oo Lj = oo and 

y/E^Lj = TTij-K + /3 + 0(1), \^E^Lj = m'jTT + (3' + o(l), j — ^ 00 

for some mj,m'j G N, and f3,f3' G [0,7r). Then {Xj(n)}„ and {Xj(n)}„ 
converge jointly to the mutually independent Gaussian systems. 

1.3 Critical Case 

We set the following assumption. 

(C) a(t) = r5(l + 0(1)), t^oo. 



Theorem 1.3 Assume (C ). Then 



lim E[e-^^(^)] = E 

L— >oo 



r fe^v[-Y.f{^-,\2ni. + e)) 
^ \ nez , 



where {^t{-)}t>id is the strictly-increasing function valued process such that 
for any Ci, ■ ■ ■ , G R, {^E't(cj)}^i is the unique solution of the following 
SDE : 

d-^ticj) = 2c,dt + DRe |(e'**('=^) - 
^o(c,) = 0, J = 1,2, 



m 



where C{Eq) := J^^ | V(L + 2i^/Ei^)-^F\ dx, D y 
plex Browninan motion. 



CjEp) 



and Zf is a com- 



Definition 1.2 For P > 0, the circular ^-ensemble with n-points is given by 



Zn,l3 J-7T 2lT 
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where Z^^p is the normalization constant, G G C(T") is hounded and A is 
the Vandermonde determinant. The limit S,j3 of the circular (i-ensemhle is 
defined 



exp 




/ e C+(R) 



whose existence and characterization is given by . The result in |2] together 
with Theorem 11.31 imply the limit of coincides with that of the circular 
/3-emsemble modulo a scaling. 

Corollary 1.4 Assume (C). Writing = J2n^>^n> ^et^^ := X]n'^A„/2- Then 
iL^i'p wzth(3 = (3{Eo):=^. 



Remark 1.6 The corresponding (3 = (3{Eq) = depends on the refi 



erence 



energy Eq, so that the spacing distribution may change if we look at the 
different region in the spectrum. To see how (3 changes, we recall some results 
in J^. Let apiX) be the spectral measure of the generator L of {Xt} with 
respect to F. Then 

is the Lyapunov exponent in the sense that any generalized eigenfunction ipE 
of H satisfies 

hm {logtyHog {Mty + ^'Eit)Y' = -^(E), a.s.. 



Moreover E < E^ (resp. E > Ec) if and only if •y^E) > ^ (resp. 'y{E) < \) 
and 7(-E'c) = \- Since C{E) = 8E ■ 'y{E), we have f3{E) = It then 

follows that E < Ec (resp. E > EJ if and only if (3{E) < 2 (resp. (3{E) > 2) 
and /3{Ec) = 2. This is consistent with our general belief that in the point 
spectrum (resp. in the continuous spectrum) the level repulsion is weak (resp. 
strong). We also note that if (i = 2, the circular P-ensemble with n-points 
coincides with the eigenvalue distribution of the unitary ensemble with the 
Haar measure on U (n) . 
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Remark 1.7 If we consider two reference energies Eq,Eq{Eq ^ E'q), then 
the corresponding point process converges jointly to the independent 

In later sections, we prove theorems mentioned above based on the argument 
in [21 |3l H] : The main ingredient of the proof is to study the hmiting behavior 
of the relative Priifer phase. In section 2 we prepare some notations and basic 
facts. In sections 3, 4, we consider the and prove Theorems 11.11 11.21 

In sections 6-9, we consider the critical case and prove Theorem 11.31 which is 
outlined in section 5. In what follows, C denotes general positive constant 
which is subject to change from line to line in each argument. 



2 Preliminaries 

Let Xt be the solution to the equation HiXt = n'^Xt > 0) which we set in 
the following form 

Xt \ f sin 9t \ 
x'Jn)='\cos9j^ ^° = °- 

We define 6t{K,) by 

Otin) = Kt + Otin). 

Then it follows that 

Ttin) = exp (^^^^ a{s)F{Xs)e'^'^^''''Us^ (2.1) 

OtiK) = ^ f Re{e'''^^^^ - l)a{s)F{X,) (2.2) 
2/? Jo 

^ = l"f.ds + ^^ £ ^a(.)F(X.)(l - Re e^-^^^^)ds. (2.3) 

Since > 0, Otin) is increasing as a function of k. Here and henceforth, 

for simplicity, we say / is increasing if and only ii x < y implies f{x) < f{y)- 
Set 

0Li^/Eo) = m{Eo, L)ti + 0(Eo, L) (2.4) 
m(Eo, L)iT := [0l(/^)].z, 0(^o, L) := (0l( v^)).z G [0, tt). 
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Moreover we define "the relative Priifer phase" 



X , 



^L(x)=eL(V^O + ^)-^L(V^o). 

As is done in [2] we use the following representation of the Laplace transform 
of in terms of "^l- 

Lemma 2.1 For f G C^(R) we have 



E[e-€^(/)] = E 



/ oo 

exp - f{n\n7r-<P{Eo,L)) 



n=n{L)—m{Eo,L) 



Proof. Let 



,(L) := L{./E^{L) - /^), n>n{L) 



be the atoms of ^l- Since 9 l{\J En{L)) = 6l{\^E^+ ^) = nn we have 

^Lixn) = in- m{Eo, L))ti - 0(Eo, L). 

Here we note that \1'l(x) is continuous and increasing, and thus has the 
inverse ^E'^^^- [] 

3 Convergence to a clock process 

In what follows we set 



K := \/En 



for simplicity. 



3.1 The behavior of 

Proposition 3.1 If a > |, following fact holds for a.s. : 

lim \E'l(x) = X 

pointwise and this holds compact uniformly with respect to k. 
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Proof. By fl2.2p we have 

vl/^(x) = x+ (^^;^ - ^) £ Re (e^^^»(-+^) - l) a{s)F{X,)ds 



=:x + I + 11. 
Since a(s) = 0(a;~°), |a;| — )■ oo, 



J = ■ / (e^^^^^'^+f ) - 1) a{s)F{X,)ds = 0{L- 

We next set ^ 



Take 5 > such that 



oo 



aisVs^ds < oo, 



then by [3] Lemma 2.2 ^^(k, /3) has a hmit as t — )■ oo : hm(_j.oo /?) = 
^oo('^5/9) compact uniformly w.r.t. k. Moreover, for any compact set K C 
(0, oo) and for any e < |, /3 G R we have 

sup . . < oo, a.s.. 

t>o, K, Ki&K |/« — /«ir 

Due to this fact we have, for fixed x, 

// = ^Re [Al{k + |, 2) - Al{k, 2)) = 0{L~'), a.s.. 
It then suffices to use Lemma [32] stated below. [] 

Lemma 3.2 Let $i,$2,"'') ^''^d $ he the non- decreasing functions s.t. 

— )■ $(a;) /or a; G Q. T/ien $„(x) — ?■ $(a;) /or any continuity point 
xeKof^. 
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3.2 Proof of Theorem [TTI 

We sometimes use the following elementary lemma. 

Lemma 3.3 Let n = 1, 2, ■ ■ and \I' are continuous and increasing func- 
tions such that lim„_^oo ^n(a^) = "^{x) pointwise. If Un G Rari^n, y G Rari^ 
and Un — y, then it holds that 

K\yn) ^'\y). 

Proof of Theorem li.il 

9t{K,) Ooo{k,) + o(l) by [3] Proposition 2.1 and kLj = mjVr + /3 + o(l) for 
some G N by Assumption (A). Thus we have 9l^{k) = mj7r + /3 + ^oo('t) + 
oil) and hence 



lim (j)(K , L 



^oo(«:)+/3 



a.s.. 



, ,,,, (3.1) 

By (13. ip and Proposition 13. H the assumption for Lemma 13.31 is satisfied. 
Thus we use Lemma [2?T] and the fact that limL_i.oo(^(-^) — m(ft^,L)) = — oo 
to conclude that 



E 



expl- Yl f{n'irin-<P{KM,))) 

n=n(Lj )—m{K?- ,Lj ) 



exp -^/(nvr - 0^) 



jiez 



/ c//i/3(0)exp I -X]/( 



nTT — 0) 



for / G C^(R) where /x^ is the distribution of (pp. [] 



4 Second Limit Theorem 

4.1 Behavior of eigenvalues near Eq 

Lemma 4.1 Assume (B) and let n eTa. Then for j oo we have 



(1) 
(2) 



Em^j^n{Lj) = K + 0(1) 



+ o(V)- 
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Proof. (1) This easily follows from the two equations given below. 



Emj+n{Lj)Lj + Oijiy Emj+n{Lj)) (4.1) 

{rrij + 10)71 = KLj - (5 + n-K + o{l). (4.2) 

(2) We substitute Lemma l4?]T l) into the last term in the RHS of (14. ip . Since 
the convergence 9t{n) Ooo{i^) holds compact uniformly with respect to k 
[3] we have 



(m, +n)7r = y^^„^,+„(L,)L,- +e^{K)+o{l). (4.3) 
LemmaEU^) follows from (g^]) and (gj])- □ 

By taking the difference between 



{rrij + n+l)n = J Em,+n+iiL) ■ L + OlU Em,+n+i{,L)) 



{rrij +71)71 = ^ E,nj+n{L) ■ L + eL{\J Em^+n{L)) 

we see that 

By Lemma 0^2) 



We set 



Emj+n+l{Lj) — K -\- — , Em.^n{Lj) — K + — 

ci = (n + l)7r - /3 - ^oo(/t) + o(l) 
C2 = nn — /3 — 9oo{n) + o(l), k oo. 



el"Hci, C2) := (e^tiK + ^) - 9^t{K + ^)) 



h{{ci,C2), {c[,c'2)) :-- 



n n 



if^^ Jo ^ ^ ^ ^ 

When Ci,C2 are constant, the following fact is proved in [1] Lemma 3.1. 

Proposition 4.2 {Q'f'\ci,C2)}t>o,ci,c2eii ^ {Z{t,Ci,C2)}t>o,ci,c2en as n ^ 
oo where {Z(t, ci, C2)}t>o,ci,c2eR ^/^e Gaussian system with covariance 
W((ci,C2), (c'i,C2)). 
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4.2 Independence of the limits 

To finish the proof of Theorem ll.2[ it is then sufficient to prove that 

ci,c2) converges jointly to the independent ones. Let 
< Ki < K2 and I := [ni, k,2]- In the following lemma, we regard Of, 9^ are 
C(/)-valued random elements. 

Lemma 4.3 For t > fixed, we have 

ci.ca) (6'oo, {^(t,Ci,C2)} 

as n — )■ oo where O^o and {Z{t,Ci,C2)}ci,c2 independent. 

Proof. Let A{c C{I)) be a ^oo-continuity set (i.e., P(6'oo G = 0) and set 
:= {/ G C(/) I y4) < e}. Since 9t{n) — ^' 9oo{n) compact uniformly in 
K, for any e > 

P [e^t eAjr^ Ae) = 

for sufficiently large T, n. 
Here we recall eq.(3.3) in 

e("nci,C2) = T(")(ci,C2) + 0(n5-") 
where T/")(ci, c^) := n"-ii?e (sf ^(/ci) - S^^/c^)) 

2/t Jo 

Ms{k) is the complex martingale defined in subsection 6.2. 

Let m e N. For Ci = (c^"'^\ ■ ■ ■ , c[™''*), C2 = (c2"'^\ ■ ■ ■ , c^2^'^), we use the 
following convention : e;")(ci,C2) = (eJ"HcS'\ 4'^), ■ ■ ■ , Of^cS^^ ))) 

and similarly for t/"-'(ci,C2) and Z{t, €1,02). Let B G i3(R™) be a 
Ci, C2)-continuity set and let := {x G R"'|(i(x,i?) < e}. Writing 
G^"^ = 9["^(ci,C2), t/"^ = t/"^(ci,C2) we have, for sufficiently large n, 

p (Ont G A, el") G fi) < p (ot g ^, t/") G s,) + 0(1) 

= p (er G A„ t(") - 4% + T(;;i g b,) + o(i) 

= P (Or G A„ T^'^) - T(;;i G i?2e) + 0(1). 
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Here we used T^"]^ A 0. By the Markov property 



E 



where T^"'^ is the suitable "time-shift" of T^""' . Because T^""' converges in 
distribution to the Gaussian Z(t, Ci, C2) as n — )■ 00 being irrespective of Xt, 



(n) 



+ 0(1) 



= P(eTe A) P {Z{t, Ci, C2) G B2e) + 0(1) 

< P f^oo e A2e) P (Zit, ci, C2) e B2e) + 0(1) 



Since A is a 6'00-continuity set and B G i3(R''") is a Ci, C2)-continuity set, 

hmsupP (Ont e A,el"^ eb) < Pie^ e A)P(Z(t,ci,c2) e B). 

The opposite inequahty can be proved similarly. [] 



5 SC-caseFoutline of proof of Theorem 11.3 



In this section we overview the proof of Theorem 11.31 First of all, set 



2m(/t^, L)7r 
0(^2, L) 



X - [x]27rz, [x\2ttZ ■= max{?/ G 27rZ \ y <x} 
(2eL(/«))2.zG [0,27r) 



We also set "the relative Priifer phase" by 



Then we have a variant of Lemma 12.11 
Lemma 5.1 For f G C+(R) 



E[e-&(/)l = E 



/ oo 

exp - Yl f{<^L\2nn-<P{^',L)) 



n=n(L)—m{K^,L) 
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So our task is to study the limit of the joint distribution of L)) as 

L — i- oo. Following [2j we consider 

n 

regard it as an increasing function- valued process, and find a process "^tix) 

such that for any fixed ci, ■ ■ • , G R {^S"^(cj)}JLi A {^t(cj)}™ ^ (Theorem 
I6.10p . \l/£ is characterized as the unique solution to the following SDE. 

rf^i(c) = 2cdt + -^Re [(e^**(^) - l)dZt] (5.1) 



^o(c)=0, /3 



Moreover, "^tic) is continuous and increasing with respect to c (Lemma l6.1ip . 
On the other hand we have {{¥^\cj)}'Jl^, ^{n"^ , n)) A ({^1(9)}™ i, 0i) 
jointly, where 0i is uniformly distributed on [0, 2ti) and independent of 
(Proposition [9]T]). Moreover converges to \E' also as a sequence of increas- 
ing function- valued process (Lemma 19.31) . so that we can find a coupling such 
that for a.s. ((^S"Vi(x), 0(^2, n)) ^ (^ 

1 (3^))0i) foi' ^'iiy a; G R. (Proposi- 
tioning])- Therefore 



lim E[e-«^(^)] = E 



L— >oo 



ri^-p(-E/(«r'(2'--^i) 



which coincides with what is derived in [2j (except that the drift term cdt in [2] 
is replaced by 2cdt that is why we need to consider a scaling : = 5a„/2) 
thereby identifying the limit of with that of the circular /3-ensemble. 

6 Convergence of ^ 
6.1 Preliminaries 

For / e C-(M) let Rpf := (L + z/?)"!/ (/3 > 0), i?/ := L-^/ -(/))• Then 
by Ito's formula, 

* 'P'f{X,)ds=[e'^\Rpf){X,)\\+ f e'^^dM,{f,P) 

Jo 

f{X,)ds = {f)t + [iRf){X,)]l + Mtif, 0) 
15 



where Ms(/, Ms(/, 0) are the complex martingales whose variational pro- 
cess satisfy 

(M(/,/3),M(/,/3)), = f[Rpf,RMXs)ds, 



Jo 

(M(/,0),M(/,0)),= [ [Rf,Rf]{X,)ds, 







(M(/, 0), M(/, 0))t = ['[Rf, Rf]{Xs)d 

Jo 



where 



[hj2]{x) := L(A/2)(x) - (LA)(a;)/2(a;) - h{x){Lf,){x) 
= (V/i,V/2)(a;). 

Then the integration by parts gives us the following formulas to be used 
frequently. 

Lemma 6.1 



(1) / b{s)e'^'e'^''f{Xs)ds 
Jo 



h{s)e'^'^e'^'{Rpf){X,) - I b' {s)e'^'^e'^'{R^f){X,)ds 



t 



J 







/ b{s)a{s)Re{e^''' - l)e'^^^e'^'F{X,){Rpf){X,)ds 
Jo 

f h{s)e'^'e'^'''dM,{f,P). 
Jo 



2k 

+ 



(2) f h{s)e'^'^f{X,)ds 
Jo 

= (/) fh{s)e'^''ds 



+ 



h{s)e'^'^{Rf){X,)\ - [\'{s)e''^'^{Rf){Xs)ds 
-■o Jo 
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-n. f a{s)b{s)Re{e^''^ -l)e'^'^F{Xs){Rf){Xs)ds 







We will also use following notation for simplicity. 

g^:={L + 2iK)-'F, g := L-\F - {F}), 
Ms{k) := M,(F, 2k), M, := M,(F, 0). 

6.2 A priori estimates 

In this section we derive a priori estimate for the following quantity 

n 

By (1221) we have 

^f\c) = 2ct + ^^^^^ j i?e(e''^=("+^) - l)a{s)F{X,)ds 

-- / Re{e^''^^^^ -l)a{s)F{X,)ds 
Jo 

= 2ct-—^i-— / Re{e^''^^''^^^ -l)a{s)F{Xs)ds 

+-i?e / (e2^^^("+^) - e^'^^^^'^)ais)FiXs)ds 
io 

and the third term in the RHS will be dominant. 
Lemma 6.2 Suppose 

poo 

aisYds < CO 





we then have 
(1) 

-t 

a{s)e^''^^^^F{X,)ds 
ft 

2k 







a{sYg^{X,)F{X,)ds + Y^^k) + 5t{K) 
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where 



\2 2ies{K) 



1 g^{X,)F{X,)ds. 



a(s)V 

.In V 2 



f^Sj For a.s., 6t{K) has the limit as t ^ oo F limt_>oo St{.i^) = ^oo(/^); o-s. 
(^S'j For any < T < oo, we have 



E 



max 

o<t<r 



0. 



Proof. (1) By Lemma [6.1( 1) 



f a{s)e^'''^^'>F{X,)ds 
Jo 



[a[s)e 
2k 



2j6»i,(K) 



g.{X,)]l- t a'{s)e'''^^^'>g,{X,)ds 
Jo 



a{sfRe{e^''^^''^ - l)e^''^^^^ g^{Xs)F{Xs)ds 



which we decompose into "non-oscillating" term + martingale-term -|- re- 
mainder. 



2k 



a{sfg^{Xs)ds + Yt{K) + 5t{K) 



where the remainder term 5t{K) is further decomposed for later use 

5f\K) := [a{s)e^^''^^^g,{X,)\[- f a'{s)e^^''^^'^g,{X,)ds 



(6.2) 
(6.3) 



K 



ais] 



- 1 e^''^^''^g^{Xs)F{X,)ds. 
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Lemma [6.2( 1) is proved. 
(2) It is easy to see 



Jim di'\K) = 5l^\> 



t— >oo 
(2), 



To see the convergence of 6l (k) we write 

= ~^Dt\n) + -Df\>,) (6.4) 
Ik k 



Jo 

We use Lemma 16.1( 1) to decompose Df\K) into martingale part and the 
remainder : Setting /i^^^ = Rij^i^Fg^) and Ms (k) = Mg^Fg^,, (3n), we have 

Di^\K) = + Ni^\K) (6.5) 



:= [a{sYe'^'^^^^h,AXs)]l- / (a(s)2)V'^^=W/i.,^(X,)cis 

Jo 

"i^/""^'^'^^^^'*''^"^ " l)e^^^»('')F(X,)/i.,^(X,)rfs 
Jo 

i[^\k) is easily seen to be convergent : Yimt^^oo It^\f^) = I^\k,), a.s.. Since 



\{N^^\N^^^)t\, \{N^^^\NW)t\< (const.) a\s)ds < 



oo 







Re A^, Im can be represented by the time-change of a Brownian motion 
and thus have limit a.s.. 

(3) We consider 61^\k), 61'^\k) separately. For sI-^\k), we have 



n 

a{nt) (e2^^-(«+^) - e^^^-^'^)) g^+^{X,.t) 



nt 

a 



by f l6.3p . The second term is o(l) as n — )■ oo due to the Lebesgue's dominated 
convergence theorem. Thus the following equation will give us E[|(5^j^(k + 
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max a(nt)|e2*^"*("+^) -e^*''"*^")! 

0<t<T 



0. 



(6.6) 



Take any M > 0. 



max a{nt)\e 



0<t<T 



max a 

0<t<M/n 



M/n<t<T 



< C max |e 

0<t<Af 



32.e*(«+f)_e2ie,W|^2a(M). 
By (lallD-O we have 

max |e2^^*(-+^)-e2^^*('^)| < 

0<t<M 



Cm 



n 



(6.7) 



for some positive constant Cm depending on M. Hence 

limsup max a(nt)|e^*^"*(''+") - e^'^"'^^'^\ < 2a(M). 



0<t<T 



Since M is arbitrary, we obtain ( 16. 6p . 

Similar argument shows maxo<t<r 
have only to show 



— 7- so that we 



E 



max 

0<t<T 



iVi?('^ + -)-iVif(«:) 



n 



'^°°0, 13 = 2, A 



to finish the proof of Lemma [6.2( 3). By the martingale inequality, 

2" 



E 

< CE 



max 

0<t<T 



n 



nt 



which converges to due to the fact that a^s^ds < oo and Lebesgue's 
theorem. [] 



We next set 



n 
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and assume in what follows 

a(t) =ri/'(i + o(i)). 

Lemma 6.3 

^S"^(c) = 2ct + Re eS"^ + -Re v}''\c) + -Re (5nt{f^ + -) - 5nt{^^ 

K K \ n 

for some e^"'' satisfying 

Proof. We compute the third term of (16.11) by using Lemma [6.21 

nt 



2 k{k + 



nt 



a{syg^+^{Xs)F{X,)ds 

+ — / a{s)\g^{Xs) - g.+^{Xs))F{Xs)ds 
2k Jo 

+r/")(c) + 5„i(/t + -)-(5„i(/t). 



Therefore 



^J"Vc) = 2ct + i?e eS"^ + ii?e V^/"Vc) + -Re ( 6nt(K + -) - 

K K \ n 



where 



k{k + - 

\ n 



/ (e2*^^(") - l)a(s)F(X,)rfs 
Jo 

1 ( i - /■"■* 
+^^" <i(s)' (9.(-Y,) - 9«+j(X,)) F(X,)c(s|. 



It then suffices to see 



er\<- r a{s)ds<C\^+Ct. 



n n \ n 



□ 
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Lemma 6.4 



mW'{c)\] <C{t+\l- + —], t>0, nGN. 



Proof. We decompose Sti^n) as is done in (16. 2p to estimate Sti^n) further. 

5tin) = 5i'\K) + 5l'\K). (6.9) 



Let 
then 







a'(s)(7«+^(X,)Ai;J^(c)ds + Oin-'). (6.10) 



5]^ is also decomposed, as in (16.41) . (16. 5p 



5Pi.) = -^Di'\.) + -Dr\n) (6.11) 
2k k 

Df\K) = l[^\K) + Ni^\K), /3 = 2,4. (6.12) 



The /^^■'-term can be written as 

c , 



n 

t pnt 

(«(^)')7i2(^)Al;i(c)rf.- a{sfgi%s)k^X{c)ds (6.13) 



for some bounded functions fK^n,gif,n, hi% Substituting (l6J0|) -f l6J[3|) into 
(16.91) we have 

5nt{fi + -^) - ^ntiii) = a1"^(c) (a{nt)g^+£.{Xnt) + a{ntfh^,n{nt)^ 

+ / K^/^{c)h^^^{s)ds + iV„,(«: + -) - + 0{n-^) 



for some bounded functions /i^.n? ^K,n and a martingale A^^^. 6K,n(s) is a linear 
combination of a'{s)gi^+£., (a(s)^)'/i!^n, and a{sYglf,l, so that it is integrable 
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• ^K,n{s)ds < oo. Taking expectations, the martingale terms vanish and 
it follows that 



E 



5nt{K, + -) - 6ntin) 

n 



E 



A'['\c) {a{nt)g^+<L{Xnt) + a{ntYh^^ri{nt) 



nt 



+ / E 



A5i(c)6.,„(s) ds + 0{n-^). 



Therefore we can find a non-random function 

h{s)=C{a\s) + {a{sfy + a{sf) 
for some C > such that b{s)ds < oo and 



E 



SntiK. + -) - 6ntiK. 



n 



<Ca{nt)E[\A^'\c)\]+ I E[\A';>{cms)ds + -. 



nt 



n 



Here without loss of generality, we may suppose c > 0. We use 
for c > and take expectation in (I6.8p . 



E[\^i-\c)\]=E[^ric)] 
= 2ct + E[Re eS"^] + -E [i?e (6nt{K + -) - 5„t(fi;) 

< Ct + cJ^ + Caint)E[\A[''\c)\] 



{«)/ 



fnt 

+C I E 





A^"^ (c) 



b(s)ds H . 

n 



Let 



V ?^ n 



Since |aS"Hc)| < |^r(c)|, we have 



(n). 



E 



< Pn{t) + Ca{nt)E ^l")(c) 



r>nt 

C / E 







(c) 



b{s)ds. 
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Fix M > arbitrary. We may suppose nt > M since otherwise Lemma 16.41 
holds true by f l6.7p . fl6.7p also implies 



M 



E 



(n) 
s/n 



b{s)ds < 2 



M 



E 



max 

0<s<M 



n 



b{s)ds 



< 



C 



n 



which gives us 



E 



< p„(t) + Ca(M)E ¥^\c) 



C 



nt 



E 



M 



^("^ (c) 



h{s)ds + — . 

n 



Take M large enough such that Ca{M) < 1 and renew the positive constant 
C in the definition of Pn{t). Then we have 



E 



< pn{t) +C E [|*i"Hc)|] nb{ns)ds. 

JM/n 



By Grownwall's inequality, 



E 



< Pn(^) + / pn{s)nb{ns) exp ( C / nh{nu)du ) (is. 

'M/n 



Since 6 is integrable, exp (C nb{nu)du] is bounded so that 



E 



^S"^(c) < Pn(t) + C I pn{s)nb{ns)ds. 

M/n 



Substituting 



pn{s)nb{ns)ds = C 



M/n 



nt 



M 



+ J^ + -]b{s)ds 



n 




n 



< 



C 



n 



into f l6.14p yields the conclusion. [] 



(6.14) 
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Lemma 6.5 For t > 0, we have 



E[(l^W(c),yW(c)),] < C 



In particular, sup^'E[{V'^'^\c),V^'^\c))t] < oo. 



Proof. By Lemma [6.1( 2) we have 

ent 



^0 

pnt 

Jo 

We take expectations and use Lemma I6.4[ 



Cn / ainsYE 
'o 

ft 



(c) _ .,2 



E[(\/(")(c),\/{")(c))i] 

1|' rfs + 0(n" 

<Cn /" a(ns)^E [|^(")(c)|] rfs + ©(n'^) 
Jo 

t log(nt) 



< c u 



□ 



Lemma 6.6 For each c > 0, T > fixed we have 



E 



sup ^t\c) 



0<t<T 



<C\T + 



V n 



1/2 



+CE 



max + 

o<t<T n 
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Proof. We estimate the third term of f l6.8p by the martingale inequahty and 
use Lemma 16.51 : 



E 



sup \V,^''\k) 

0<t<T 



< CE 



11/2 



<C|T+./^+!2I^) 

V n \ n 



1/2 



□ 

Lemma 6.7 For each < to < < c>o, we can find C = C(to,ti) such that 
for large n, we have 



E 



r/")(c)-\/i")(c) 



< C{t - s) 



for any s,t e [to,^i]- 



Proof. By martingale inequality, 



E 

< CE 



v}-\c)-V}-\c) 



< CE 



V}-\c)-V}-\c) 



nt 



a[u] 



ns 
nt 



<C{ a{ufdu 



We can find = A^(to) such that for n > 



nt 



C / a{uydu < Clog 1 



t - s 



< c{t-sy 



□ 



6.3 Tightness of * 

Lemma 6.8 For any c = (ci, C2, ■ ■ ■ , Cm) € R"^, the sequence of IV^-valued 
process {^["-'(c)}„>i = {(^|"^(ci), ■ ■ ■ , ^|"''(cm))}„>i is tight as a family m 
C([0,T] ^ R™). 
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Proof. It is sufficient to show 
(1) lim supP(|^S"^(c)| >A) = 



A^oo 



(2) lim lim sup Pi sup | ^J"^ (c) - ^("^ (c) | > p | = 0, T, p > 0. 

'5-l'0 „-s>oo \0<s,t<T, \t-s\<5 

(1) follows from Lemma 16.41 To prove (2), we fix M > arbitrary and 
decompose 

Pf sup |^!"^(c)-vi/W(c)|>P 

\0<s,t<T, \t-s\<5 

<p( sup ~ ¥-\c)\ > p 

\0<s,t<M, \t~s\<5 



-PI sup \^''\c) - ¥^\c)\ > p 

M<s,t<T, \t-s\<5 



--:! + II. 



Since \E'q"'' (c) = we have 



/<P(sup|vl/(")(c)|>5 



"j+pfsuplvj/^" 

/ \s<M 



and we use Lemma 16.61 



P(sup|vl/r(c)|> 

.t<M ^ 



P 



(n) 



sup |*r(c 

0<t<A/ 



1/2 



+CE 



max 

0<t<A/ 



n 



By Lemma 16.2( 3) the third term vanishes as n — oo and it holds that 

limsup J < CM^/l (g^i5) 
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Thus following estimate will be sufficient 

lim lim sup 11 = 

^i-O n— !>oo 

because fl6.15p . fl6.16p would imply 



(6.16) 



lim lim sup P I sup |^J"^(c) - ¥^\c)\ > p] < CM^''^ 



5\a 



0<s,t<T, \t-s\<5 



and the arbitrariness of M > will yield the conclusion. By Lemmas EI 
eq. fl6.16p will follow from the following equation 

Vl-\c)-v}-\c) 



lim lim sup P I sup 

'5-l'0 „_s>oo \M<t,s<T, \t~s\<S 



>p =0 



which, in turn, follows from Lemma 16.71 and Kolmogorov's theorem. [] 
6.4 SDE satisfied by * 

In this subsection we show that "^^""^ has a limit \1' which satisfies (15. ip . 

Lemma 6.9 For any Ci, ■ ■ ■ , G R, the solution of the following martingale 
problem is unique: 

Wt{cj) = ^t{cj) - 2cjt, J = 1, 2, ■ ■ ■ , m 

are martingales whose variational process satisfy 

{W{ci), W{cj))t = f s-^Re { (e'*=('=-) - l) (e'^^^^'^^) - l) } ds. 

Jo 

Moreover "^ticj) can be characterized by the unique solution of the following 
SDE. 

d'^t = 2cjdt + Dt-^'^Re [(e***("^^ - 1)) dZt] , 60(0^) = 0. 

Theorem 6.10 For any ci,---,c„ G R, (^J''^(ci), ■ ■ ■ , ^J"^(c„)) 4 
(^i(ci),---,^t(c„)). ^t{cj) satisfies 

. dz; 



d-^t{cj) = 2cjdt + DRe 



Vt 



(6.17) 



^0(9) = 0, D 



V2k 
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Proof. By Lemma [678| the sequence {(^^"^(ci), ■ ■ ■ , '^i"'\cm))}n>i has a hmit 
point (\&f(ci), ■ ■ ■ , \I/f(cm)). Since Lemmas 16. 2[ 16.31 imply 



^;"^(c) = 2ct + -Re Vric) + o(l) 



(n), 



K 



in probabihty, we study 1//"^(c). By Lemma O (l^^^^c), 1/(")(c'))t in 
mean square. Similarly, 



{V(-)(c),V(-){c% 



nt 



{[9.,n) fnainuf (e^*""'(^) - l) (e^*^'"'(^') - + o(l). 



By Skorohod's theorem, we can suppose 

compact uniformly with respect to t. Hence for < s < t, 



{V^-\c),V(-){c'))t-{V^-\c),V(-){c')), 



On the other hand by Lemma 16.41 we have 



E 



-<C rE[|vI/,(c)|]-<oo 



so that Vt{c) = lim^^oo (c) is a square integrable continuous martingale 
whose variational process satisfy 



{Vic),Vic')), = 



ds 



{V{c),V{d)), = {[g,,gZ]) / (e^*»(^) - l) (e^*^(^') - 1)-. 
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Therefore 

Wt{c) = ^t{c)-2ct = -ReVt{c) 

K 

is a square integrable continuous martingale whose variational process is 
equal to 



(W(c),W^(c'))t = %# / Re 
Lemma [6.91 yields the conclusion. [] 



ds 



Lemma 6.11 For a.s., '^t{c) is continuous on [0, oo) x R and is increasing 
with respect to c. 

Proof. We first show the following inequality : for p > 1 sufficiently close to 
1, 

E[|vl>,(cO - Mc2)n < (6-18) 

Hence by Kolmogorov's theorem, for any fixed t > 0, \l't(c) has a continuous 
version with respect to c G R a.s.. We first note that \I/t(c) satisfies 

d^t{c) = 2cdt + ^ {(e'** + e-'** - 2)dBl + t{e'^' - e-'^')dB^} . 

Here we note that if ci > C2 then \E't(ci) > \E't(c2) by the comparison theorem 
of SDE which proves the desired monotonicity of ^'t(c). We set 



For ci > C2, we see 



2^ gjl-iCci) _ g*1't(c2)_ 



Hence 



dTt = 2(ci - C2)dt + {(Hi + Et)dBl + i{Et - Et)dBf] 



{dT,r = ^ {(H. + S,)^ - (H, - E,r} dt = ^\E^dt. 
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Then for p > 1 

= (c, - c,)pTrdt + p-^Tr^\E,\-dt 

+P^t-'^^ {(St + El)dBl + i{E, - El)dB^} . 
Taking the expectation we have 

E[r?] = 2(ci - C2)p fEr-']ds + ^^P^D' fnn-'\^s\']-. (6.19) 
Jo ^ Jo s 

We can find 

|Si|2<cr7, 0<7<2 

for some positive constant C and some < 7 < 2. Then 

Jo s Jq s 

We use EflXl'-] < B[\X\Y for r < 1 and the fact that E[*t(c)] = 2ct. 
Assuming p — 1 < 1 and p — 2 + 7 < 1 yields 

E[r?] < 2(ci - C2)p fE[r,r'ds + c fE[r,r'+^- 

Jo Jo * 

= 2f (Ci - CiftP + C(Ci - C2)f-2+Tif-2+T 

so that for < t < T we have 

f{t) := E[rf'] < Ct^^-^+t 

and hence 



Jo ^ 



Thus for any p > 1 sufficiently close to 1, we take 7 satisfying 1 + (p — 
l)(f _i)<^<3_pso that 

h{t) < Cii(f-i)^'+5 (6.20) 
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for some S > 0. 

On the other hand by using jS^P < in f l6.19p we have 

E[r?] < 2(ci - C2)p f2^-\c,-C2r-\s^-'ds + ^ip~l)D' f W^]- 
Jo ^ Jo 

= 2'Pic,-C2rt^ + ^ip-l)D' fE^]-. 

^ Jo ^ 

Hence if — 1)D^ < 1, f l6.20p and a Grownwall type argument give the 
desired inequahty fl6.18p . 

Having estabhshed the continuity of "^toic) with respect to c, the joint 
continuity of ^'t(c) on [to, c>o) x R is vahd due to the absence of singularity 
in this time domain. The continuity of ^l^t(c) at t = follows from the 
monotonicity of \I/t(c) with respect to c. [] 

Theorem 6.12 The limit process {\l't(c)}t>o,ceR satisfies the following two 
properties : 

(1) The process has invariance 

{^t{c)}t>o,cen '= {^t(c + Co) - ^t{co)}t>o,c^n 

for any Co G R. 

(2) For each fixed c there exists a 1-D Brownian motion {Bt{c)} such that 

= ^^exp [d j\-^/HB^{c)^ ds 

{Bt{c)} are a family of martingales satisfying 

{B.{c),B.{c'))t= [ cos {^s{c)-^s{c))ds. 
Jo 

Proof. (1) For any fixed Cq G R, letting $t(c) = \E't(c + Cq) — ^t(co) yields 
d$t(c) = 2cdt + Z}i?e[(e'*'('=+^°) - e'*'(^o)) t'^/^dZt]. 

Here noting 

Zt= [ e^*^(^°)rfZ, 
Jo 
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is a complex Brownian motion, we see 

d^t{c) = 2cdt + DRe[{e'^*^''^ - Vjr^'^dZti $o(c) = 
hence the uniqueness of the solutions gives us 

{$t(c)}t>o,ceR '= {^t(c)}t>o,ceR- 

(2) Set 

$*(c) := B^{c) := Re j\(^^^^'^UZ,. 

Then, for a fixed c, {Bt{c)}t>Q is a ID Brownian motion and 

d^t{c) = 2dt + L>$t(c)i?e[ie^*'(")r^/2dZt] = 2dt + Dr^l'^^t{c)dBt{c) 
holds, hence 

^^{c) ^2 J^exp(^D u-^/^dBu{c)^ ds. 

The variational process for {Bt{c)} are 

{B.{c),B.{c% 
1 



4 



io io Jo Jo It 

4 Jo 4 Jo 

= / cos(*,(c) -*,(c'))ds. 

□ 

7 Convergence of Qt{j^ mod tt 

Proposition 7.1 As t ^ oo (26't(fi;))27rz converges to the uniform distribu- 
tion on [0, 27i). 

Proof. Letting 

^t{K) e^'^'^''-''\ m e Z 
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it suffices to show 



E[e,(«:)] 0, m^O. 



We omit the k- dependence of Ot- By (12. 2p we decompose 

2k Jo 
2k Jo 
1^ Jo 

=:! + / + // + ///. 

We use Lemma [6.1( 1) and decompose / further into "non-oscillating" -term 
+ martingale-term + remainder : 

/ - ^ {-'-^^ I aisre^--FiXMX.)ds 

a(s)e2*"^e''("+^)'"^dM,(/€) + 6i,i{t)] . (7.1) 



where 



2i(m+l)8s 2iKS '' 
J 

'( „\^2i{m+l)es^2iKS 



- / a'{s)e''^"'^'>'^e''^'g^{Xs)ds 
Jo 

0^(m-l-'\\ /"* / „2{m+2)ies pAiKS _ \ 

- ^^ ^ I ^^-e'^"^+''>'''e'-\F{X,)g^{X,)ds. 

We further compute the third term of 6i^i by Lemma 16.1( 1) and see that 
Si^i{t) has a limit as t — )■ oo. Taking expectation, martingale term vanishes 
and we have 

E[5i,i(t)] -E[(5i,i(cx))] = 0(a(t)), t ^ oo. (7.2) 
By Lemma [6.1( 2). the ffist term of (17.11) satisfies 

f a{sye^'^''^F{X.,)g^{X,)ds = {Fg^) f a{sfe^^''^ds + d^^^ij) 
Jo Jo 
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where ^i,2(^) has a hmit as t — )■ oo and satisfies the same estimate as f l7.2p . 
We substitute it into flT.ip and let 6i = Si^i + 61^2- Then 

+ ^ a{s)e^''''e^'^"'+^^^^dMs{K) + . (7.3) 

Similarly, we have 



2k 

To summarize, 



^ Jo Jo 

+Nt + <5(t) (7.4) 



where 



^ fmim + l) m(m — 1) , „ 

JV, = — [' a(s)e""e"^'"*'>''-dM,{K) 



+ ™ r a(s)e-2-^e2^('"-i)^'»rfMj-/€) 
2fi: Jo 



2Tni6s 



where 6{oo) = limt_j.oo S(t) exists a.s. and 

E[6{t)] - E[6 {00)] =0{a{t)), t ^ oc. 
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Let apidX) be the spectral measure of L with respect to F. Then by noting 



Re{Fg^) = Re{Fg_^) = < 0, Re{Fg) = 



we have 
Set 



A2 + 4^2 
-7 := i?e(G') < 0. 



A 



< 



Pit) := EU m ■■= -'^(FHt) + {G)a{ty. 



Then fl7.4p turns to 



p{t) = 1+1 b{s)p{s)ds + E[6{t)] 
Jo 



and hence 



p{t) = exp (^J^ b{u)du^ + E[S{t)] + E[S{s)]b{s) exp (^j^ b{u)du^ ds 

= exp (^J^ b{u)dii^ + E[6{t)] + E[(5(oo)] exp (^J^ b{u)dii^ ds 

+ (E[5(s)] - E[5(oo)]) b{s) exp (^j^ b{u)du^ ds 
=:I + II + III + IV. 
Noting Re bit) = Re {G)a{t)'^ = — 7a(t)2, we compute /, /// 

|/| < exp (^j^ Reb{s)ds^ < C exp {^1 *^ 

/// = E[5(oo)] (^-1 + exp (^j^ b{u)di^^ *^ -E[5(oo)]. 

We further decompose IV : 



\IV\ 



{E[6{s)] - E[6{oo)]) b{s) exp ( [ b{u)du ] ds 



~ ^ Uo ^ / ) (^^ / b{u)du^ ds 

=: IVi + IV2. 
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It is easy to see that JVi 0. For IV2 we use (F) = and compute, for 
large M, 

I/V2I J aisfexp (^j^ Reb{u)dv^ ds 



1 „ 1 



^0. 



7-f - ■ 2^ 



□ 

8 Limiting behavior of 6t 

To study the hmiting behavior of {29t)2nZ we set 
8.1 Estimate of integral equation 

As in the proof of Proposition 17. ![ we can show the following lemma. 
Lemma 8.1 Let < to < t. Then we have 

6 = 4 + A(^-(^?. + 2^?)) f a{sfe^^'^ds--{F) f a{s)e'^'^ds 

Jto Jto 

+ ^ (Yt + Yt- 2Ft) + O(a(to)), to ^ 00. 



where Yt := [ a{s)e^''"'+^'^'dMs{K) 
Yf = [ a{s)e-^'^'dM,{-K) 

Jto 

%■= [ a{s)e^'^'dM,. 

Jto 
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The variational process ofY,Y, and Y satisfy, as tQ oo, 
{Y,Y)t = Oia{to)) 

{Y,Y)t = {[g,,g^]) [ a{sfds + 0{a{to)) 

J to 

{Y,Y)t = 0{a{to)) 

{Y,Y)t = {[g.,g,]) f a^sfds + 0{a{to)) 



J to 

t 

2 AiOs 



{Y,Y)t = {[g,g]) / a(5) V^^^ci. + O(a(to)) 

Jto 

{Y,Y)t = {[g,g]) f a{sfds + 0{a{to)). 



to 



8.2 Tightness of r] 

Let 

U := G C I 1^1 = 1}. 

Lemma 8.2 {^7t"^}n>i is tight as a family in C((0, oo) — ?■ U). 
Proof. It suffices to show, for any to > 0, p > 0, 

limlimsupP ( sup \7]^^^ — r]^"-*! > p ) =0. 
Noting {F) = 0, Lemma [8.11 implies 

U -^ns = TT^iF- {g. + 2g)) / a{ufe^''-du 

^'^ Jns 

+ Y^^S+o{l) (8.1) 
where W^g^ := {Y^t + Y^t - 2f„t) - {y^s + Y^s - 21;.) . 

We note that W^^^ satisfies the estimate in Lemma 16.71 and the rest of the 
argument is the same as that of Lemma 16.81 [] 
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8.3 Identification of r]t 

Let rjt be a limit point of rj^"^ which is uniformly distributed on U for each 
fixed t > by Lemma 17.11 In this subsection we show that the distribution 
of the process rjt is uniquely determined. 



Lemma 8.3 (1) For any <to <t, 

lim E[e2™(^'"'-^""*o)|jr^,J 



^ \ (Gm) 

To 



(2) For any < < ti < ■ ■ ■ < t^, the family of random variables 
{Vto ,VtJvto,--- , Vtk I Vtk-i } independent. 

Proof. (1) Let m,m' G Z. By a argument similar to deduce (7.4), we have 

pnt 
J nto 

= 1 + {Gm) [ na{nuye^"''^^-"-^-'o)du 

J to 



where 



^ / m(m + 1) m(m — 1) m? , 



nt,nto = IT- / «l"5je e ^ ' ' 'aMs[K,) 

2^ Jntn 



rrn 

E[(5„(t)|j;tJ "4°^ 0, a.s 



nto 
nt 

a{s)e^"''^'dMs 

nto 



Taking a conditional expectation and letting 

p„(t):=E[e2™(^--^-o)|J-„,J 
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we have 

Pn{t) = 1 + / na(nM)V(w)t^« + E[5„(t)|j:„to]e-2™^-o. 

Therefore 



to 



Pn{t) = exp ( (G-m) / na{nu)'^du] +E[5nit)\J'nto]e 



to 



-2mi9nt, 







+ / E[6n{s)\J^nto]e-^'^'""'HGm)na{nuYexp{{GJ / na{nuYdu 



to 



exp (Cm) 



to 



U ) \to 



(Grn) 



(2) The required independence easily follows from (1) and the fact that e^*^" 
converges to the uniform distribution on U as n — )■ oo. In fact, for n = 1, 

'i§r. 



E 

E 



E[e2™(^'"*-^'"*o)|jr^,J 
m' ^ 0) 



"to 



+ E 



to/ 



— > 



to y 



(m' = 0) 



For n > 2, the proof is similar. [] 



Lemma 8.4 For eac/i fixed to > rjt satisfies the following SDE on t> to: 
dr]t = Ci'^dt + C2^dBt, (8.2) 

t y/t 

{{g^ + 2g)F) „ i 



where Ci :- 



2k^ 



C2 := — v/(2b.,^] + 4[^7,^]). 



Proof. Letting s = to > in (18.1 p yields, as n — )■ oo. 



nto 



Vu 



to 



U 



t 2 



to 
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to 



du 



u 



We then proceed as in the proof of Theorem 16.101 [] 

Remark 8.1 Zt,Bt which appear in SDE's i6.11\ \8.2^) of ^, rj are not in- 
dependent. In fact, 

dVt = ^A^) (e^**(^) - 1) ^ 

d{W,V) = {[g^,g;:]) (e^*'W - l) r/,^ 


d{W,V) = {[g^,n) (e-^**(^)-l) Vtj 

which imply 



dZdB = \ I — 77 — ^ ' ^ ] ^ —dt. 

2{[g^,-g^]+A[g,g]) 

Here we note the following fact. By the time change u = logt, Cm '■= log?7e" 
satisfies the following SDE which is stationary in time. 

d(u = iC^du + iC^dBu (8.3) 



where C3 := {\g^\')eR, C4 := —V2[g^,g,] + 4[g, g] e R 

To summarize, the following facts have been proved. 

(i) For any t > 0, rjt has uniform distribution(Lemma 17. ip . 

(ii) For any < to < ^1 < h < ■ ■ ■ < tn, random variables 
{Vto^VtJvto, ■ ■ ■ Vt„/Vt„-i} are independent (Lemma [Hj])- 

(iii) For any to > 0, a;^ = rjt/ritQ satisfies an SDE on t > to (Lemma 18.41) : 

dxt = Ciydt + C2^dBt, = 1. 

These facts determines (in distribution) the process rjt uniquely. In fact, for 
any < to < ti < • ■ ■ < t„, the distribution of {vto^Vtir ' ' yVt^} can be 
computed from that of {r/jp, rjt^/rjt^^, ■ ■ ■ , Vt„/Vt„-i} and the latter distribution 
can be determined uniquely from (ii) and (iii). Therefore the distribution of 
{r]t} is characterized by the constants Ci, C2. More concretely, if we prepare 
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ID Brownian motion {-BtjteR with Bq = and independent random variable 
X G C with uniform distribution on U, a process 

Xexp[i{C3U + C4Bu)] 
has the same distribution as {rje^} by (18.21) . (18.31) . 

9 Convergence of the joint distribution 

We finish the proof of Theorem 11.31 

9.1 Behavior of the joint distribution 

Proposition 9.1 For any ci, ■ ■ ■ , Cm G R, t > 0, 

{^f'\c,), ■ ■ ■ , <ft'\cm), ieM)2.z) A (Vl/,(ci), ■ ■ ■ , ^t(c„), 00, (9.1) 

as n ^ oo, where (\l/( (ci ),■■■, \l/t(cm)) and (pt are independent and (pt is 
uniformly distributed on [0,27r). 

Proof. It suffices to show (19.11) with {9nt{i^))2nZ being replaced by {Ont{i^))2TTZ, 
since {9nt{i^))2TTZ converges to the uniform distribution by Lemma [TT] By 
Lemmas 16. 8[ 18. 2[ for any fixed to > 0, the process {(\E'|"''(c), r7j"^)}„>i 
on [to, oo) is a tight family. Hence we can assume {'^[^\c),rij:^^)t>o -4 
(\E'f(c), ?7t)t>o. Then by Lemma W3\ r/i /„ and rjt/rji/n are independent. 

We next consider a process \E'n,c(t) which is defined on oo) and is the 
solution to (I6.17P with initial value ^E'n.cl^) = ^- [2] Proposition 4.5 proves 
the following fact 

sup - -^■ 0, n oo. 

n-l<t<n 

Since rji and {rjt/rii/n, \£'nc(^)) are independent, by letting n — )■ oo, it follows 
that rjQ := lim^o'?* and {rjt/riQ^'^t) are independent. Since rjQ is uniformly 
distributed on U, (pt := arg?7t = arg (r^o ■ — ) and are independent. [] 
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9.2 Convergence of "^[^^ as increasing functions 



Proposition 9.2 Fix any t > 0. Then we can find a coupling such that the 
following statement is valid for a.s. 



lim {"^l 



^/(a;), lim (2^„t(/s:))2^z 



for any a; G R where (pt is uniformly distributed and independent of 



As is explained in section 5, Proposition 19.21 completes the proof of Theorem 
II. 3[ To prove Proposition 19.21 we shall show below that the convergence 
v[/(") -J. -qj^ holds in the sense of increasing function-valued process. 

Let A4 be the set of non-negative measures on [a, b]. Fix {fj}j>i a family 
of smooth functions on [a, b] satisfying the property 

for w G if / fj{x)du{x) = for any j > 1 ^ u = 0. 

J a 

We define a metric p on by 



.7=1 ^ 



{x)d{ui{x) - U2{x)) 



A 1 



Let 



Q:=C{[0,T] -^M) 

for T < oo. We further define for a smooth function / on [a, b] a map 
<t>f:Q^ C([0,T] ^ R) by 



(9.2) 



$/(w)(t) := / f{x)duJt{x 



[f{x)ujt{x)]''^- / f'{x)utix)dx. 



Lemma 9.3 Let {pn}n>i be a family of probability measures on Q. Sup- 
pose for each smooth function f on [a, b] a family of probability measures 
{$jVn}n>i on C([0,T] — 7- R) is tight. Assume further there exists a con- 
stant C such that 



E 



dut{x) 

holds for any n > 1. Then {/i„}„>i is tight. 



sup 

0<t<T 



< C 



(9.3) 
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Proof. From f l9.3p we see that for any e > 0, there exists a M > such that 
In ( sup / duti 

\Q<t<T J a 



rb 

( sup / dut{x) < M ] > 1 — e. 



Set 



Qn := < u E Q 



rb 

sup / dut{x) < M 

0<t<T 



Since Hn}n>i is tight for each j > 1, there exists a compact set JCj in 
C([0,T] 4 R) such that 

/z„ ($-i(/C,)) >1-^. 

Set 

oo 

jc ■= p|$-i(/Cj) nr^o c Q. 

Then 

oo oo 

j=i i=i 

We show /C is compact in Q. Let {(X'„}„>i be a sequence in /C. Since /Ci is 

compact, there exists a subsequence {n}} along which (^^n^^ is uniformly 

convergent in C([0, T] — R). Then, using the compactness of /C2 we can find 

a subsequence {n^} of {n}} along which (^^n^^ is uniformly convergent in 

C([0,T] — R). Continuing this procedure for each j we find a subsequence 
{n^} of {ni~^} along which (nj^ is uniformly convergent in C([0,T] — )■ 
R). Let rrii = n\. Then for each j > 1, (wmj converges uniformly in 
C([0,T] — R). Since, for any / G C[a, 6] and e' > 0, there exists a finite 
linear combination g of {/j} such that 



We easily have 



sup - 5f(x)| < e'. 

xS[a,b] 



sup |<l>y(w„J(t) - < e'M 

te[o,T] 
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where we have used dut{x) < M for any u E JC. Therefore we see that 
the hmit 

hm ^f{ujmj{t) 

exists uniformly w.r.t. t G [0,T], which imphes that there exists a. u E Q 
satisfying 

/ duJt{x) < M and hm $/(c<;m-) = $/(a;)(t) 

for any t G [0,T] and / G C{[a,b]). Consequently we have the compactness 
of /C which together with (19. 4p shows the tightness of {fin}n>i- G 



We would like to check that the conditions for Lemma 19.31 are satisfied for 
The inequality ( 19. 3p follows from Lemma [6.61 In view of (19. 2p . the 
required tightness is implied by the following lemma. 

Lemma 9.4 For f G C°°{a,h) let 

gn{t) := f f{x)^t\x)dx. 

J a 

Then, as a family of probability measures on C([0,T] — R), {gn}n>i is tight. 
Proof. It is sufficient to show that following two equations. 
(1) lim^^ooSup„P(|(7n(0)| > A) = 0, 



(2) For any p > 0, 



limlimsupP sup \gnit) - gn{s)\ > p] =0. 

By Lemma 16.61 (1) is clear. By bounding /, the following equation implies 
(2). 



lim lim sup P 

^4-0 n— >-oo 



sup 

\t-s\<S J a 



X] 



dx > p 
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Here we borrow an argument in [2] Proposition 2.5 : We divide [a, b] into 
A^-intervals 

b — a 

w 

and have 



Xj = a + ——Xj, j = 0,1,- ■ ■ ,N - 1, 



nb ^-1 rXj+\ 

/ \mt\x)-'^f\x)\dx = ^ \^t\x)-'^fKx)\dx. (9.5) 

,{n) 



Since (x) is increasing with respect to x, for x G the integrand 

is bounded from above by 

\^i''\x) - ¥:\x)\ 

Substituting it into (19. 5p yields 

J := -^(")(x)|cia; 



a 



i=o 

^ 1 

3=0 

= ^{b-a) [^l-\b) - ^i^^a)) + {t ^ s) 



N 



j=0 

=:I + II. 

Thus we decompose the probabihty in question into two terms. 

P I sup J > p] < P I sup / > p/2 I + P I sup // > p/2 

\\t-s\<5 J \\t-s\<5 J \\t-s\<5 

=:III + IV. 
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The ///-term can be estimated by Lemma 16.61 

/// < P {^i-\b) - ¥:\a)) > p/4j +{t<^s) 

'vI/(")(6)-vI/(")(a))l 

sup (^'r\b) 

0<t<T ^ ' 



4 b- 
< E 

- p N 

<2.1.^E 



p N 



C 



N 



Thus for any e > we take large enough independently of 6 to have 



For such fixed A^, we have 

N 



iv<J2p 



3=0 
N 



b — a 

N 



III < -. 



sup \i!<r\xj)-¥;''>{x,)\ > 



\t-s\<5 



_P_ 

2N 



J]P sup |vI/l")(^,)-^i"H^.)l> 



p 



j=0 \\t-s\<5 



2{b - a) 



Since {'^t^\xj)}jLf) is tight by Lemma [6.81 we can let IV < e/2 by taking 
large and then taking 6 > small. [] 



n 



We identify an element of M. with a non-decreasing and right continuous 
function u on [a, b] satisfying u{a) = 0. Then Un converges to a; G if and 
only if UJn{x) — )■ u){x) at any point of continuity of u. 



Lemma 9.5 Suppose {uJn}n>i converges to u of Ai. Assume u is 

continuous. Then the convergence is uniform. 

Proof. Assume {w^j^^^ does not converge to u uniformly. Then there exists 
a sequence ni < 77,2 < ■ • ■, {tk}k>i ^'^^ ^ positive number eo such that 

|w„^ (tfc) - u; (tk)\ > eo (9.6) 

is valid for any k = 1, 2, ■ ■ ■ . We can assume t^ ^ t^ E [a, b] keeping ti < 
^2 < ■ ■ ■ < tg. Then 
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for any / < k, hence letting k — > oo, we have 

u (ti) - u (to) < hminf (a;„^ (4) - u (4)) 



fc— >oo 

< hmsup (w„,^ (tk) - to (tk)) < to (to) - to (to) = 0. 

fc— ^oo 



Consequently, letting / -> oo, we see 

lim {un^ (tfc) - u {tk)) = 0, 

which contradicts (19. 6p . 

Proof of Proposition \9.2\ 
By Lemma [931 the sequence of increasing function-valued process {'^t^\-)}n 
is tight. Hence {29n^^t)2nz) (^t7 0t) for some subsequence {uk}. By 

Skorohod's theorem, we can suppose (26'„^t)27rz) {'^t,4>t)- Hence in 

particular we fix any t > and obtain 



Pl^l"'^^^*) = ( fmd{^^r\x) - %{x)) 



A 1 -)■ 0, a.s. 



By Lemma [6.111 is continuous and increasing. Hence for a.s., '$[^''\x) — )■ 
\l/f(x) holds for any x. Moreover by Lemma 13.31 {'$l"'''^)~^{x) \E'^^(x). 
Therefore Proposition 19.21 is proved. [] 
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